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Using D-brane configurations on the K3 surface, we give six dimensional type IIA stringy 
realizations of the Quantum Hall Effect (QHE) in 1+2 dimensions. Based on the vertical and 
horizontal lines of the K3 Hodge diamond, we engineer two different stringy realizations. 
The vertical line presents a realization in terms of D2 and D6-branes wrapping the K3 
surface. The horizontal one is associated with hierarchical stringy descriptions obtained 
from a quiver gauge theory living on a stack of D4-branes wrapping intersecting 2-spheres 
embedded in the K3 surface with deformed singularities. These geometries are classified by 
three kinds of the Kac- Moody algebras: ordinary, i.e finite dimensional, affine and indefinite. 
We find that no stringy QHE in 1+2 dimensions can occur in the quiver gauge theory living 
on intersecting 2-spheres arranged as affine Dynkin diagrams. Stringy realizations of QHE 
can be done only for the finite and indefinite geometries. In particular, the finite Lie algebras 
give models with fractional filling fractions, while the indefinite ones classify models with 
negative filling fractions which can be associated with the physics of holes in the graphene. 
Keywords: Quantum Hall Effect, Type IIA superstring, K3 surface, Quiver gauge models. 
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1 Introduction 



Susskind has conjectured that a two-dimensional quantum Hall fluid of charged particles with 
filling fraction v = r is described by a non-commutative Chern-Simons gauge theory at level k 
[T]. This conjecture has opened a new way to apply string theory to study low-energy systems 
in condensed matter physics as the Quantum Hall Effect (QHE) in 1 + 2 dimensions. This has 
been based on the recent developments in string dualities and brane physics. Roughly, the first 
connection with string theory has been given by Bernevig, Brodie, Susskind and Toumbas to 
reproduce the QHE on the 2-sphere, S 2 [2]. The corresponding brane configuration involves a 
spherical D2-brane and dissolves DO-branes on it. The system has been placed in a background 
of coincident D6-branes extended in the directions perpendicular to the world-volume of the 
D2-brane on which QHE resides. Some further details on this construction can be found in 
[3]-[10]. However, this type IIA superstring construction has been done in ten dimensional 
space-time. Therefore a natural question arises whether the QHE in 1+2 dimensions can be 
realized in terms of lower dimensional type IIA superstring spectrums. 

The aim of this work is to address this question by giving stringy realizations of the QHE in 
1+2 dimensions from a six dimensional string space-time point of view. Motivated by the paper 
|11| and the results obtained on the attractor horizon geometries of the extremal black 2-branes 
|121I13|. we engineer brane representations of the QHE in 1+2 embedded in the compactification 
of type IIA superstring on the K3 surface. Based on the vertical and horizontal lines of the 
Hodge diamond of the K3 surface, we give two different stringy realizations. The vertical 
line is associated with a realization in terms of D2 and D6-branes wrapping the K3 surface. 
However, the horizontal line corresponds to a quiver gauge theory realization of the QHE in 
1+2 dimensions. This gives hierarchical stringy descriptions in terms of wrapped D4-branes on 
intersecting 2-spheres of local limits of the K3 surface. The intersection numbers are encoded 
in the Cartan matrices classified by three kinds of the Kac- Moody algebras |14[ 1151 fT6] . They 
are known as: ordinary i.e finite dimensional, affine and indefinite. We find that no stringy 
QHE in 1+2 dimensions can occur in the quiver gauge theory living on a stack of D4-branes 
based on the affine Dynkin diagrams. However, the finite Lie algebras classify models with 
fractional filling fractions; while the indefinite ones give models with negative filling fractions, 
which could be associated with the holes in the graphene physics. 

The organization of this paper is as follows. In section 2 we review briefly the stringy 
realization of the QHE in 1 + 2 dimensions in terms of ten dimensional type IIA superstring. 
In section 3, we give a six dimensional stringy realizations of the QHE in 1 + 2 dimensions from 
the compactification of type IIA superstring on the K3 surface. Based on the Hodge diamond 
vertical line of the K3 surface, we give a realization in terms of D2 and D6-branes wrapping 
the K3 surface. In section 4, we present hierarchical stringy descriptions obtained from quiver 
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gauge theories living on the world- volume of D4-branes wrapping intersecting 2-spheres of local 
limits of the K3 surfac with geometries classified bt the three kinds of Kac-Moody Lie algebras. 
These realizations, which are based on the horizontal line, lead to the QHE with filling fractions 
depending on local type IIA geometries. The last section is devoted to discussions and open 
questions. 



2 Uncompactified String Theory Realization of the QHE 

Following [2J, 3-dimensional QHE systems of condensed matter physics can be modeled by 
low energy dynamics of non perturbative extended objects, involving DO, D2 and D6-branes 
of uncompactified type IIA superstring living in ten dimensions. To see that, consider first a 
D2-brane, with a spherical configuration, and dissolves N DO-branes moving on it. Second we 
take a stack of D6-branes with K charges placed in the directions perpendicular to the ones 
where the spherical D2-brane lives. Then we move them to the center of the 2-sphere. In this 
brane configuration, the world-volume of the D2-brane plays the role of the space-time of the 
3-dimensional QHE systems. It can be also interpreted as the space-time of the 3-dimensional 
Chern Simons theory with U(l) gauge group living on the D2-brane. The D6-branes, located 
at the origin of the D2-brane, can be thought of as an external source of the magnetic charges. 
This has been required from the fact that in ten dimension a p-dimensional electrical brane is 
dual to a q-dimensional magnetic one such that 

p + q = 6. (2.1) 

When the D6-branes cross the D2-brane, the Hanany-Witten effect produces fundamental 
strings which are stretched between D2 and D6-branes [T7|. In this way, the strings end- 
ing on the D2-brane have an interpretation in terms of the fractional quantum Hall particles 
(Hall electrons). The DO-branes behave as a magnetic flux in the world- volume of the D2-brane 
and the string ends are charged under the U(l) world-volume gauge field. The number of the 
D6-branes K can be identified with the number of charged particles and N is the total magnetic 
flux. For this brane configuration, the ratio 

v = x (2-2) 
determines the filling fraction of the system. 

At this level, one might naturally ask the following question. Is there any compactified string 
theory realization of the QHE in 1+2 dimensions?. In what follows, we address this question 
using the compactification of type IIA superstring on the K3 surface and wrapped D-branes 
on appropriate cycles. 
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3 Six Dimensional Type IIA String Realization of the QHE 



Using the results of [TT] and the black brane attractors on the K3 surface \12\ [T3] , we engineer 
six dimensional string realizations of the QHE in 1 + 2 dimensions. This can be embedded 
in the compactification of type IIA superstring on the K3 surface. This geometry is a two 
dimensional complex Calabi-Yau manifold admitting a SU(2) holonomy group. It has many 
types of realizations; the simplest one is to consider the orbifold T 4 /G where G is a subgroup 
of SU (2). In the case of G = Zi, the K3 surface is obtained by blowing up the sixteen singular 
fixed points of the corresponding orbifold. Each fixed point is replaced by a 2-sphere S 2 . The 
K3 surface involves a Hodge diamond playing a crucial role in the determination of the six 
dimensional string theory spectrum and the corresponding brane configurations. For a generic 
K3 surface, the Hodge diamond is given by 

h°>° = 1 
h 1 ' = h ' 1 = 

h 2 ' = 1 h 1 ' 1 = 20 h ' 2 = 1. 

/i 2 - 1 = h 1 ' 2 = 

h 2 ' 2 = 1 

This graph shows that H2(K3) has dimension 22, corresponding to the fact that h 2,0 = h 0,2 = 1 
and h 1 ' = 20. The compactification of type IIA superstring on the K3 surface is obtained by 
breaking the space-time symmetry 50(1,9) down to the subgroup 50(1,5) x SU(2) which is 
contained in 50(1,5) x 50(4). More details on this compactification can be found in |18j . 

Similarly as for the ten dimensional realization of the QHE in 1 + 2 dimensions, the space- 
time is described by the world- volume of membranes embedded in the resulting six dimensional 
space-time obtained from the compactification of type IIA superstring on the K3 surface. In 
this compactification, we can produce such membranes by considering a D-brane system con- 
sisting of: 

• Unwrapped D2-branes 

• D4-branes wrapping 2-spheres inside the K3 surface 

• D6-branes wrapping the K3 surface. 

After deleting the zeros of the Hodge diamond of the K3 surface, these 2-branes can be repre- 
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sented by the following Hodge brane configuration 



D2 



DA DA DA. 



(3.1) 



D6 



In what follows, we shall show that the compactification of type IIA superstring on the K3 
surface provides a natural realization of the QHE in 1+2 dimensions. From (|3.ip . we can 
engineer at least two type IIA stringy realizations of this effect. The vertical line of the 
previous Hodge sub-diamond represents a brane system involving D2 and D6-branes wrapping 
the K3 surface, while the horizontal one considers only D4-branes wrapping intersecting 2- 
spheres. Here we give the vertical representation and leave the horizontal one for the next 
section. Roughly, the vertical QHE stringy realization can be done in a similar manner as the 
uncompactified stringy one discussed previously. To see that consider an unwrapped D2-brane 
which can be obtained from the ten dimensional one. As in the uncompactified case, its world- 
volume will play the role of the 3-dimensional space-time on which QHE may reside. However, 
the magnetic source in six dimensions should have only two extended directions. This would 
be obtained by compactifying the ten dimensional brane objects on cycles of the K3 surface. 
The presence of the membrane magnetic source is due to the fact that the electric/magnetic 
duality in six dimensions reads as 



In the compactification on the K3 surface, the magnetic membranes, dual to electrical particles 
in six dimensions, are obtained by two different ways. They are formed by wrapping D4-branes 
on the 2-spheres of the K3 surface, or by wrapping D6-branes on the entire K3 surface, and 
they lead to a source of the dual 4-form field strength. These brane objects carry magnetic 
charges of the U(l) gauge symmetry obtained from the reduction of the corresponding higher 
dimensional R-R gauge fields. 

In this section we restrict our-self to the case of the wrapped D6-branes to form a magnetic 
source and leave the D4-brane case for the next section. Indeed, consider N coincident of 
D6-branes wrapping the K3 surface. Wrapping a D6-brane on the K3 surface means that 
four spatial directions are wrapped on the K3 surface, while the remaining two directions stay 
unwrapped in six dimensions. As in ten dimensions, we need to turn on fundamental strings 
connecting these wrapped D6-branes with the D2-brane filling the 3-dimensional space-time on 

1 Note in passing that these brane configurations has been used in the study of attractor horizon geometries 
of extremal black 2-branes |12] , In such limits, type IIA backgrounds can be identified with the factorization 
AdSi x S 2 x K3. 



p + q = 2. 
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which the QHE lives. The end of the fundamental strings stretched on the D2-brane can be 
considered as 3-dimensional electrons. We expect to have a realization similar to the one given 
in ten dimensions. This can be obtained by replacing the unwrapped D6-branes by wrapped D6- 
branes on the K3 surface. Since the K3 surface is not flat, there are some curvature corrections 
to the brane dynamics which should be taken into account. In fact, it has been shown in [19] 
that the wrapping of a D6-brane on the K3 surface induces a D2-brane with negative charge 
within the uncompactified part. The later is not an anti D2-brane since it preserves the same 
supersymmetries that a D2-brane with that orientation. However, we can add extra D2-branes 
to the unwrapped part of the D6-branes with the charge number M. In this way, the net D2- 
brane charge as measured at infinity is therefore M — K. Assuming that this charge number 
is positive, the filling fraction can be given by the following ratio 

(3.3) 



N 

If we take K = N, this can be reduced to 

M 

v = k-l, k = —. (3.4) 

In order to be able to reach the plateau in which the conductivity is quantized we need a 
strong enough magnetic field. In our stringy construction this means that the physical distance 
between the D2-branes and the D6 branes must be small. The fundamental string is streched 
having one end on the D6 stack and the other end on the D2 stack. If the distance between 
both stacks is small, the length of the fundamental string is correspondingly small and has 
quantum vibrations. On the other hand if the distance between both stacks is large (compared 
with the string length) the string is strongly strched and develops a classical configuration. 

Parity is broken on the 2+1 dimensional space-time developed on the D2 branes by the 
presence of the strong magnetic field orthogonal to the space. This field is sourced by the 
magnetic D6-branes. As in |llj . another way to break parity is to add a new stack of D4- 
branes wrapping two-cycles on the K3 surface. 

Finally, the model presented in this section could be related to other brane realization 
given recently in |llj based on D3/D7 systems and using the holographic principle. We expect 
this can be done by T-dualizing along the direction in which the fundamental string lives. 
In fact if we consider this direction as a compact one, this duality exchanges the type IIA 
superstring with the type IIB. Moreover, the spacial dimension of the D-brane should change 
by an odd number because under T-duality the Dirichlet and Neumann boundary conditions 
are exchanged. After a T-duality on a circle, which can be identified with the fundamental 
string direction, the D2/D6 system can be converted into the D3/D7 one. On the other hand, 
string-string duality relating type IIA superstring compactified on the K3 surface with the 
heterotic superstring compactified on T 4 should also give dual versions of the model presented 
here. We believe that these facts deserves to be studied further. 
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4 Hierarchical Type HA Stringy Description of the QHE 



So far, we have discussed a QHE description with a single gauge group. Here, we give stringy 
realizations involving multiple U{1) gauge symmetry. This is known by the hierarchical de- 
scription [20J. Apriori there are many ways to embed QHE abelain gauge theory with U(l) n 
gauge group in type IIA superstring compactification. A way, which has been discussed in 
consists of getting abelian gauge fields from the reduction of the R-R 3-form on 2-spheres of 
the K3 surface. However, the method presented here is somewhat different. It is based on 
the study of quiver gauge theories living on the world-volume of the wrapped D4-branes. To 
do so, consider a local IIA geometry where the K3 surface develops singularities classified by 
Kac-Moody Lie algebras. In this limit, the K3 surface can be replaced by ALE spaces with 
ADE singularities. The deformation of such geometries consists on blowing up the singularity 
in question by a collection of intersecting 2-spheres according to the ADE Dynkin diagrams. 
In this way, the root system {at} of the ADE Lie algebras can play a crucial role in the under- 
standing of the K3 algebraic geometry and the corresponding quiver gauge theories embedded 
in type IIA superstring compactification. It follows that, there is a one to one correspondence 
between the ADE Lie algebras and the ADE geometries of local limits of the K3 surface. More 
precisely, to each root a.% (say the su{n) simple root cti = ej — ej+i) corresponds a 2-sphere 
Sf of the ADE geometries of the ALE spaces. The connection is supported by the following 
2-sphere intersection relation 

Sf.Sj = —ai.ctj = —Kij (4-1) 

where is exactly the Cartan matrix of the ADE Lie algebras. 

Roughly, the abelian U(l) n gauge symmetry in three dimensions, that we consider here, 
can be obtained by taking a low energy limit of wrapped D4-branes on intersecting geometries. 
To get that, consider N D4-branes embedded in type IIA superstring. On theirs unwrapped 
world-volume lives a 5-dimensional gauge theory with U(N) symmetry. In type IIA superstring 
moving on the deformed ADE backgrounds, the D4-branes can be partitioned into 2Vj D4- 
branes wrapping intersecting 2-spheres arranged as Dynkin diagrams. These wrapped branes 
fill the 3-dimensional space-time on which type IIA QHE can reside. In this way, the U(N) 
gauge group breaks down to JTCLi U(Ni) where n is the number of the intersecting 2-spheres. 
Now, identifying n with the number of D4-branes, the gauge group living on the unwrapped 
part of the world-volume of D4-branes can be totally broken to U(l) n gauge symmetry. This 
can be obtained by thinking that each single D4-brane wraps only one 2-sphere inside the K3 
surface. 

As in [11], to couple the system to an external gauge field, we should add an extra D4-brane 
wrapping a particular 2-cycle playing the role of a magnetic source. As before, this wrapped 
D4-brane is required by the fact that the total space-time of uncompactified string theory is 
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six. Its unwrapped directions should be placed perpendicularly to the uncompactified part of 
the word-volume of D4-branes on which the QHE resides. As in the previous realization, the 
missing spatial dimension can be identified with the fundamental string connecting this new 
wrapped D4-brane with the ones on which the U(l) n gauge theory lives. The full brane system 
can be described by the U(l) n Chern Simon gauge theory with the following action 

S = ^ / S K v Ai A dAj + qiA A dAi - ( 4 - 2 ) 

i,3 i 

In this action, A is an external U(l) gauge field and A 1 are dynamical gauge fields. Kij is a 
nxn matrix which can be related to the intersection matrix of 2-spheres within the K3 surface 
qi is the electromagnetic charge carried by the extra D4-brane wrapping a special 2-cycle 
described by a linear combination of Sf 

[C 2 ] = J2li[Sf], (4.3) 

i 

where Sf denote a basis of H2(K3, Z). Following Wen-Zee mode |21j . Kij and % are interpreted 
as order parameters classifying the various FQH states and are related to the filling fraction by 

v = qi K- x q y (4.4) 

From this quantity, we clearly see that the filling fraction is related to the geometric data of 
type IIA local backgrounds through the intersection numbers of the 2-spheres. Up to some 
details, these intersection numbers are classified by the Cartan matrices. Following |14| . the 
possible forms of K{j may be grouped basically into three categories. In the language of the 
Kac-Moody algebras, these correspond to: 

1. Cartan matrices of the finite dimensional Lie algebras satisfying det K > 

2. Cartan matrices for the affine Lie algebras with the condition det K = 

3. Cartan matrices for the indefinite Lie algebras where det K < 0. 

In terms of Dynkin diagrams of the trivalent T Pt q tr extended Lie algebras, det K can have a nice 
expression. Note that the Dynkin diagram of the T p ^ )T Lie algebras involves three ordinary A p , 
A q and A r Dynkin chains glued at a trivalent vertex 



The determinant of the Cartan matrix of the corresponding Lie algebra takes the form 

det K(T Pt q jr ) = pqrT (4.5) 
where T is given by the following quantity 

r = - + - + --i. (4.6) 

p q r 



OA- 
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In this way, the above classification can be reformulated as follows: 

1. Cartan matrices of the finite dimensional Kac- Moody Lie algebras satisfying T > 

2. Cartan matrices for the affine Kac-Moody Lie algebras are given by the condition T = 

3. Cartan matrices for indefinite Kac-Moody Lie algebras are defined by T < 0. 

From both classifications, it follows that no QHE in 1+2 dimensions can occur in the quiver 
gauge theory of D4-branes wrapping on intersecting 2-spheres according to the affine Dynkin 
diagrams. 

However, the finite and the indefinite ones give some QHE stringy realizations. In particular, 
one may distinguish between two models depending on the values of the filling fraction. The 
first model involves a quiver theory encoded in Dynkin diagrams of finite Lie algebras. This 
leads to a fractional QHE with positive values. It is best to give an example. Consider a 
particular vector charge like qi = (1, . . . , 0). In this way, the above system reduces to a model 
with the filling fraction given by 

u(ADE) = K^ 1 . (4.7) 

In the case of the finite Lie algebra A n , the corresponding wrapped geometry consists of n 
intersecting 2-spheres as 



An : O O O O O 



(4.8) 



This admits a T n 1 1 realization and its Cartan matrix reads reads as 

K i:j = -6^! j + 25ij - 5 i+ ij. (4.9) 
Using equations (4.5) and (4.6), its determinant is given by 

detK(T n ^ 1 ) = n + \. (4.10) 
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From the matrix inverse, it is easy to see that the corresponding filling fraction reduces to 

KAO = ^. (4.11) 

It should be interesting to note that one can get filling fractions with odd-denominator using 
a special choice of the singularities of ALE spaces. In the case of the finite A n geometries, we 
recover some very known values observed experimentally including the Jain series given by 

t,;„ 771 



(4.12) 



2pm ± 1 

Specializing the computation to the same vector charge as before and taking n = 2m, we 
obtain v = 2 ^+i which coincides with two times the most stable part of the Jain's sequence 
with p = 1. The full series can be recovered exactly if we replace the matrix Kij that appears in 
the action (|4.2|) by 2Kij. In the algebraic side, this can be obtained by fixing the normalization 
of the inner product to be such that the highest weight of the adjoint representation has norm 
1. It is worth noting that other series can be obtained in the context of M-theory compactified 
on eight dimensional manifolds. This will be given in future works. 

The second model is described by a quiver gauge theory based on indefinite geometries 
and gives QHE stringy realization with negative filling factor. This negative value could have a 
physical interpretation in the physics of semi-conductors. To see that consider a simple example 
of the indefinite Lie algebras given by the hyperbolic symmetry (HA2). The derivation of this 
hyperbolic geometry is based on the same philosophy one uses in the building of the affine 
Dynkin diagrams from the finite ones by adding a node. In other words, by cutting this node 
in HA2, the resulting sub-diagram coincides with the affine Lie algebra A2- The new Dynkin 
graph looks like 




Its Cartan matrix takes the form 



(4.13) 



K ij (HA 2 ) 



2 -1 








-1 2 


-1 


-1 


-1 


2 


-1 


-1 


-1 


2 



(4.14) 
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and its inverse is given by 



V 



-l\ 

-2 

5 
3 

1/ 



(4.15) 



Now, using equation (4.4) and taking a vector charge like 
filling fraction is 

v(HA 2 ) = -2 



(0,1,0,0), the corresponding 



(4.16) 



This value could be related to some results in the physics of graphene. The latter is a 
monoatomic layer of graphite with Carbon atoms arranged in tow dimensional honeycomb 
lattice representation. The electronic structure of the graphene can be modelled by fermions 
localized in two dimensions. We expect that the above negative value v = —2 can be related 
to holes in the graphene studied in [22 . The model with v = 2 might be related to it by 
particle-hole symmetry. It would therefore be of interest to try to extract more information 
on this string theory conection with graphene. We believe that this conection deserves to be 
studied further. 



5 Discussions and open questions 

In this paper, we have engineered stringy realizations of the QHE in 1+2 dimensions from the 
compactification of type IIA superstring on the K3 surface. Using the results of the attractor 
horizon geometries of the extremal black 2-branes on the Calabi-Yau manifolds and based on 
the Hodge diamond of the K3 surface, we have given two different realizations of this effect. 
In particular, we have presented hierarchical stringy descriptions using quiver gauge models 
living on a stack of D4-branes wrapping intersecting 2-spheres which are classified by Cartan 
matrices of Lie algebras. These representations could be related to the realization of the QHE 
in 1+5 dimensions involving unwrapped D4-branes in ten dimensions |6|. This may be done 
by wrapping D4-branes on the 2-spheres in the compactification on the K3 surface. 
Using ideas borrowed from the classification of K3 surface singularities, we have studied the 
QHE realizations with filling fractions depending on local type IIA intersecting geometries. As 
results, we have found that there are no QHE stringy descriptions based on type IIA geometries 
corresponding singularities classified by affine Kac-Moody Lie algebras. The stringy realizations 
of QHE can be done only for the finite and indefinite geometries. In particular, the finite Lie 
algebras are associated with fractional filling factors; while the indefinite ones classify models 
with negative filling factors, which could be related to the physics of holes in the graphene. It 
should be interesting to develop this observation. This can go in the same sense of the string 
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theory realization of the graphene using of D3-D7 brane system studied recently in [23]. It 
would also be interesting to understand the link between our results and the ones in [2jj based 
on dyonic black holes. 

An interesting question for further investigations concerns a direct derivation of the QHE 
in 1 + 2 from string theory compactified on seven real dimensional manifolds. To make contact 
with this present work, a possible candidate could be G2 manifolds with K3-fibrations. On 
the other hand, the result of this paper could be up lifted to M-theory. In this way, the QHE 
configurations can be reproduced by wrapping M2 and M5-branes on appropriate cycles in the 
K3 surface. It would be also worth investigating a direct compactification on eight dimensional 
manifolds. A special interest might be devoted to incorporate the compactification on Calabi- 
Yau fourfolds or Spin (7) manifolds with K3-frabations. 

On the other hand, motivated by results of super symmetric matrix model of the QHE 
given in [25j, it should be interesting to study realizations in terms of local K3 supersurface 
with ADE geometries studied in j26j . We hope, all these open questions will be addressed in 
future work. 
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